Abstract. We prove that Bir(P 3 ) has at least five non-conjugate subgroups isomorphic to A6.
• ifḠ ∼ = O ′ (5, F 3 ), then either U ∼ = P 3 or U is the threefold constructed in Example 1.8, • ifḠ ∼ = A 7 , then either U ∼ = P 3 or U is isomorphic to a smooth complete intersection σ 1 x 0 , . . . , x 6 = σ 2 x 0 , . . . , x 6 = σ 3 x 0 , . . . , x 6 = 0 ⊂ P 6 ∼ = Proj C x 0 , . . . , x 6 , where σ i is a symmetric form of degree i.
It follows from the proof of [31, Theorem 1.5 ] that χ is a biregular map.
Corollary 1.11. Up to conjugation, the group Cr 3 (C) contains • exactly 1 subgroup that is isomorphic to SL(2, F 8 ),
• exactly 2 subgroups that are isomorphic to O ′ (5, F 3 ),
• at most 2 subgroups 1 that are isomorphic to A 7 .
Suppose, in addition, thatḠ ∼ = A 6 .
Remark 1.12. By Theorem B.1 one has V ∼ = P 2 × P 1 if dim(S) = 1.
Let us consider three cases when the υ(Ḡ)-invariant subgroup of the group Cl(V ) is Z.
Example 1.13. Put V = P 3 . Then there exists a monomorphism 2.A 6 → SL(4, C) (see [13] ), which induces a monomorphism υ :Ḡ → Aut(V ) ∼ = PGL(4, C).
Example 1.14. Let V be a smooth quadric threefold. Then V can be given by then the threefold V has exactly 10 isolated ordinary double points (and hence V is rational), and there exists a natural monomorphism υ :Ḡ → Aut(V ).
The threefold constructed in Example 1.15 is known as the Segre cubic (see [18, Section 3.2] ). Proof. The group υ(Ḡ) contains a subgroupF ∼ = S 4 that fixes a point in Sing(V ). One has V /F ∼ = P 1, 2, 2, 3 , which implies that the υ(Ḡ)-invariant subgroup of the group Cl(V ) is Z. Suppose that V is not υ(Ḡ)-birationally superrigid. Then [11, Theorem 4.2] implies the existence of a υ(Ḡ)-invariant linear system M on the threefold V such that
• the linear system M does not have fixed components, • the log pair (V, λM) is not canonical, where λ ∈ Q is such that K V + λM ∼ Q 0. 1 We do not know whether the complete intersection of a quadric and a cubic mentioned in Theorem 1.10 is rational or not, but we expect it is not (cf. [20, Chapter 3] , [19, Theorem 9.1.6] , [12, Theorem 6.3 
]).
Let M 1 and M 2 be sufficiently general surfaces in the linear system M, and let H be a general surface in | − K V |. Consider V as a quartic threefold in P 4 .
Suppose that there is an irreducible curve C ⊂ V such that the log pair (V, λM) is not canonical along the curve C. Let Z be the υ(Ḡ)-orbit of the curve C.
which implies that d 3. So, the curve Z is contained in a hyperplane in P 4 , which is impossible, because the corresponding five-dimensional representation of the groupḠ is irreducible. Take any point P ∈ V such that the singularities of the log pair (V, λM) are not canonical at the point P . Then the quartic V is singular at P by [12, Corollary 3.4] .
Let Σ be the υ(Ḡ)-orbit of the point P ∈ V . Then there is a subset Γ ⊂ Σ such that |Γ| = 4, and the set Γ is not contained in any two-dimensional linear subspace of P 4 .
Let Q ⊂ | − 2K V | be a linear subsystem that consists of all surfaces in | − 2K W | that pass through every point of the set Γ. Then the base locus of the linear system Q is the set Γ.
Let π : U → V be a blow up of the set Γ, and let E 1 , . . . , E 4 be the π-exceptional divisors. Then
whereM is the proper transforms of the linear system M on the variety U , and m ∈ Z. It follows from [5, Theorem 1.7.20 ] that m > 1/λ (cf. [12, Theorem 3.10] ). Let Υ be the intersection of two sufficiently general surfaces in Q, and letῩ be the proper transform of the curve Υ on the threefold U . Then
whereM is a general surface inM. The obtained contradiction completes the proof.
The main purpose of this paper is to prove the following result. Theorem 1.17. The following assertions hold:
• if V ∼ = P 3 and υ :Ḡ → Aut(V ) is the monomorphism that is constructed in Example 1.13, then the threefold V is υ(Ḡ)-birationally rigid and
where S 6 ⋆ A 6 S 6 is the free product of S 6 and S 6 with amalgamated subgroup A 6 , • if V is the Segre cubic, then V is υ(Ḡ)-birationally superrigid, • if V is the smooth quadric threefold, then V is υ(Ḡ)-birationally superrigid.
Proof. The required assertion follows from Theorems 4.7, 5.6 and 6.2. Corollary 1.18. Up to conjugation, there are at least 5 subgroups in Cr 3 (C) isomorphic to A 6 .
To prove Theorems 4.7, 5.6 and 6.2, we use the following tools:
• the Noether-Fano inequality (see Lemma • the representation theory of the group A 6 and its subgroups (see Section 3, [13] ),
• the construction of the Todd involution in Cr 3 (C) of degree 19 (see Lemma 4.4, [37] ),
• the following classical results: -the Riemann-Roch theorem (see [16, [12, Theorem 3.1] ). In Appendix A, we answer a question posed in [31, Remark 2.10] . We thank T. Dokchitser, I. Dolgachev, Y. Prokhorov, L. Rybnikov, E. Smirnov for discussions.
Preliminaries
Let X be a variety with at most Kawamata log terminal singularities (see [23, Definition 3.5] ), let B X be an effective Q-divisor on the variety X such that (X, B X ) is log canonical. Then
where a i ∈ Q, and B i is a prime Weil divisor on the variety X.
Let π :X → X be a birational morphism such thatX is smooth. Then
where B i is the proper transforms of the divisor B i on the varietyX, and E i is an exceptional divisor of the morphism π, and d i is a rational number. We may assume that
is a divisor with simple normal crossing. Put
Theorem 2.1 ([24, Theorem 9.4.8]). Let H be a nef and big Q-divisor on X such that
for some Cartier divisor D on the variety X. Take i 1. Then
Let L(X, B X ) be a subscheme that corresponds to the ideal sheaf I(X, B X ). Put
Let ζ : X → Z be a surjective morphism with connected fibers. Recall that there are standard names for I(X, B X ), L(X, B X ) and LCS(X, B X ):
• I(X, B X ) is known as the multiplier ideal sheaf (see [24, Section 9 .2]), • L(X, B X ) is known as the log canonical singularities subscheme (see [5, Definition 1.7 .5]),
• LCS(X, B X ) is known as the locus of log canonical singularities (see [33, Definition 3.14] • the log pair (X, B X ) is log canonical along B 1 ;
• the singularities of the log pair
are log canonical.
Let Z be a center of log canonical singularities of the log pair (X, B X ) (see [21, Definition 1.3] ), and let LCS(X, B X ) be the set of all centers of log canonical singularities of the log pair (X, B X ).
Lemma 2.5 ([21, Proposition 1.5]). Let Z ′ be an element of the set LCS(X, B X ) such that
where Z i Z is an irreducible subvariety. Then Z i ∈ LCS(X, B X ) for every i ∈ {1, . . . , k}.
Suppose that Z is a minimal center in LCS(X, B X ) (see [21] , [22] , [9, Definition 2.8]).
Theorem 2.6 ([22, Theorem 1])
. Let ∆ be an ample Q-Cartier Q-divisor on X. Then • the variety Z is normal and has at most rational singularities,
• there exists an effective Q-divisor B Z on the variety Z such that
and (Z, B Z ) has Kawamata log terminal singularities.
LetḠ ⊆ Aut(X) be a finite subgroup.
Lemma 2.7. Suppose that X is a curve. Let Σ ⊂ X be aḠ-orbit. Then
, then |Σ| ∈ {60, 72, 90, 120, 180, 360}.
Proof. If Σ is a point, thenḠ acts faithfully on the tangent space to X at the point Σ.
Lemma 2.8. Suppose that X is a curve of genus g andḠ ∼ = A 6 . Then • if g 34, then g ∈ {10, 16, 19, 25, 31},
• if g = 10, then X does not containḠ-orbits of length 120.
Proof. LetF ⊂Ḡ be a stabilizer of a point in X. Then
for some k ∈ {1, 2, 3, 4, 5, 6} by Lemma 2.7. PutX = X/Ḡ. ThenX is a smooth curve of genusḡ. The Riemann-Hurwitz formula gives 2g − 2 = 360 2ḡ − 2 + 180a 2 + 240a 3 + 270a 4 + 288a 5 + 300a 6 , where a k is the number ofḠ-orbits in X with a stabilizer of a point isomorphic to Z k . Suppose that g 34. Note that g = 0 by the classification of finite subgroups of PGL(2, C), and g = 1 sinceḠ is non-solvable. Since a k 0, one hasḡ = 0, and (2.9) 2g − 2 = −720 + 180a 2 + 240a 3 + 270a 4 + 288a 5 + 300a 6 , which implies that g ∈ {10, 16, 19, 25, 31}. The only solution to (2.9) for g = 10 is a 2 , a 3 , a 4 , a 5 , a 6 = 1, 0, 1, 1, 0 , which completes the proof.
Suppose, in addition, that the divisor B X isḠ-invariant. Then g Z ∈ LCS X, B X for every g ∈Ḡ, and the locus LCS(X, B X ) isḠ-invariant. It follows from Lemma 2.5 that
for every g ∈Ḡ ∋ g ′ , because Z is a minimal center in LCS(X, B X ).
Lemma 2.10. Suppose that the divisor B X is ample. Let ǫ be an arbitrary rational number such that ǫ > 1. Then there exists an effectiveḠ-invariant Q-divisor D on the variety X such that
the log pair (X, D) is log canonical, and the equivalence D ∼ Q ǫ(B X ) holds. Suppose, in addition, that X is a Fano variety. Put lct X,Ḡ = sup λ ∈ Q the log pair X, λD has log canonical singularities
Remark 2.11. If the variety X is smooth, then it follows from [8, Theorem A.3 ] that lct X,Ḡ = αḠ X , where αḠ(X) is theḠ-invariant α-invariant of the variety X introduced in [35] and [36] .
Suppose that X ∼ = P 1 × P 1 .
Lemma 2.12. Suppose thatḠ ∼ = A 5 . Let Σ ⊂ X be aḠ-invariant subset. Then |Σ| 12.
Proof. The required assertion follows from Lemma 2.7.
The following conditions are equivalent:
• the inequality lct(X,Ḡ) 1 holds,
Proof. If there is aḠ-invariant curve in |L 1 | or |L 2 | or |L 1 + L 2 |, then the equality lct X,Ḡ = 1 2 holds (see [6, Theorem 1.7] ).
Suppose that |L 1 |, |L 2 |, |L 1 + L 2 | contain noḠ-invariant curves, but lct(X,Ḡ) < 1. There are λ ∈ Q and an effectiveḠ-invariant Q-divisor D on X such that λ < 1 and
but (X, λD) is not Kawamata log terminal. We may assume that (X, λD) is log canonical. Suppose that there is aḠ-invariant curve C ⊂ X such that
where µ 1, and Ω is an effectiveḠ-invariant Q-divisor, whose support does not contain any component of the curve C. Then C ∼ aL 1 + bL 2 for some non-negative integers a and b. Then either a 2 or b 2. But
which implies that b 1. Similarly, we see that a = C · L 2 1, which is a contradiction.
We see that the locus LCS(X, λD) is a finiteḠ-invariant set. Thus, the locus LCS(X, λD) consists of a single point O ∈ X by Theorem 2.3.
Let H be the unique curve in |L 1 + L 2 | that is singular at O. Then H must beḠ-invariant, which is a contradiction, because the linear system |L 1 +L 2 | contains noḠ-invariant divisors.
Let us identify X ∼ = P 1 × P 1 with a smooth quadric surface in P 3 , and let us identifyḠ with a subgroup in Aut(P 3 ) such that X isḠ-invariant. There is a subgroup G ⊂ SL(4, C) such that
where φ :
Lemma 2.14. Suppose that W is an irreducible representation of the group G ∼ =Ḡ ∼ = A 5 , and
where m is a rational number such that 1 < m < 2. Then |LCS(X, B X )| < +∞.
Proof. It follows from explicit computations that |L 1 + nL 2 | contains noḠ-invariant curves for any n 6. By Lemma 2.7, the linear system |nL 2 | contains noḠ-invariant curves for any n 11. Suppose that |LCS(X, B X )| = +∞. Then there is aḠ-invariant curve C ⊂ X such that
which implies that either a = 0 or a = 1. Similarly, we see that
which implies that b 6, which is a contradiction.
Let C be a smooth irreducible curve of genus g. Proof. The inequality |Aut(C)| 84(g−1) is the famous Hurwitz bound (see [4, Theorem 3.17] ), the exact bounds for particular genera may be found in [4, Table 13 ].
Let D be an effective divisor on the curve C.
Proof. See [16, Theorem 5.4] or [2, Section III.1].
Suppose that there is an embedding ζ : C → P n such that ζ(C) is a curve of degree d.
Theorem 2.17. Suppose that ζ(C) is not contained in any hyperplane in P n . Then
Alternating group
Let S 6 be the group of permutations of the set {1, 2, 3, 4, 5, 6}. LetḠ be a finite subgroup in Aut(P 3 ) such thatḠ ∼ = A 6 .
Lemma 3.3 ([13]
). Every maximal proper subgroup of the groupḠ ∼ = A 6 is isomorphic to either to A 5 , or S 4 , or (Z 3 × Z 3 ) ⋊ Z 4 . Moreover, up to conjugation, the groupḠ contains
• two subgroups isomorphic to S 4 (respectively, A 5 , A 4 ).
Put V = C 4 . There exists a finite subgroup G ⊂ SL(4, C) such that G ∼ = 2.A 6 and
where φ : SL(4, C) → Aut(P 3 ) is the natural projection.
Remark 3.4. The group G has two irreducible four-dimensional representations (see [13] ), which implies that we may identify V with one of them, because another one differs from V by an outer automorphism of the group G. Thus, we may assume that the natural action of the group G on
arises from the permutation representation of the groupḠ ∼ = A 6 .
LetF ⊂Ḡ be a subgroup, and let F ⊂ G be a subgroup such that φ(F ) =F .
Remark 3.5. Suppose that F ∼ = 2.A 5 ⊂ 2.A 6 . Then
where U and U ′ are different two-dimensional representations of the group F ∼ = 2.A 5 .
Lemma 3.6. Suppose that F ∼ = 2.A 5 and F ⊂ G is a non-standard embedding. Then there exists an irreducibleF -invariant smooth rational cubic curve Z ⊂ P 3 .
Proof. The required assertion follows from Remark 3.5.
Let z and e be the non-trivial element in the center of G and the identity element, respectively.
Lemma 3.7 (cf. [9, Lemma 4.7] ). The following assertions hold:
• any semi-invariant of the group G is its invariant,
• the group G does not have invariants of odd degree,
• the group G does not have invariants of degree at most 7,
• the group G has two linearly independent invariants of degree 8.
Proof. Semi-invariants of the group G are its invariants, because the center of the group G is contained in its commutator, and the groupḠ is a simple non-abelian group. The group G does not have invariants of odd degree, because G contains a scalar matrix whose non-zero entries are −1. Therefore, to prove that G has no invariants of degree at most 7, it is enough to show that G does not have invariants of degree 4 and 6.
Let χ m be the character of the representation Sym m (V ) (cf. Remark 3.4). Put χ = χ 1 . The values of the characters χ, χ 4 , χ 6 and χ 8 are listed in the following table: 
84 84 0  1  3  3  3  3  5  165 165 where the first row lists the types of the elements in G (for example, the symbol [5, 1] 10 denotes the set 3 of elements of order 10 whose image in A 6 is a product of disjoint cycles of length 5 and 1). Recall that there is a natural inner product ·, · defined for the characters θ and θ ′ by
Let χ 0 be the trivial character of G. Then
so that G has no invariants of degree 4 and 6. On the other hand, χ 8 , χ 0 = 2, which means that the group G has exactly two linearly independent invariants of degree 8.
Suppose thatF is a stabilizer of a point P ∈ P 3 .
Lemma 3.8. Let Σ ⊂ P 3 be theḠ-orbit of the point P ∈ P 3 . Then |Σ| 36.
Proof. It follows from Lemma 3.7 that |Σ| 8 and |Σ| is even. Suppose that |Σ| 35. Then
which implies that |F | ∈ {12, 18, 36} by Lemma 3.3. Let us consider the vector space V as a representation of the group F , and let χ be its character. There is a homomorphism θ : F → C * such that the inner product θ, χ = 0.
Suppose
The structure of the group F and the values of χ are given in the following table:
where we use the notation that are used in the proof of Lemma 3.7.
for any g ∈ F that is not of type [4, 2] 8 and [2, 2] 4 . Hence θ, χ = 0, which is a contradiction.
by Lemma 3.3. Arguing as above, we get θ, χ = 0. Suppose that |F | = 12. ThenF ∼ = A 4 by Lemma 3.3. Up to conjugation, the groupḠ contains two subgroups isomorphic to A 4 . IfF ⊂Ḡ is a standard embedding, then the values of χ are given in the following table:
IfF ⊂Ḡ is a non-standard embedding, then the values of χ are given in the following table:
. So θ(g) = 1 for any g ∈ F of order different from 3 and 6, and
for all g ∈ F of order 6. Now we can check that θ, χ = 0, which is a contradiction.
Suppose that there exists an irreducibleḠ-invariant curve C ⊂ P 3 of degree d.
Lemma 3.9. Suppose that C is a smooth curve of genus g 13. Then
where I is the ideal sheaf of the curve C ⊂ P 3 .
Proof. It follows from Theorem 2.17 and Lemma 2.8 that d > 4. Hence, we have
by Lemma 3.7.
Suppose that there is a cubic surface X ⊂ P 3 such that C ⊂ X. Then
by Lemma 3.7. There is a cubic surface
and X and X ′ are irreducible, because C is contained neither in a quadric nor in a plane. We see that d 9. Hence, we have g 12 by Theorem 2.17, which is a contradiction.
Projective space
LetḠ ⊂ Aut(P 3 ) be a subgroup such thatḠ ∼ = A 6 . There is a subgroupĜ ⊂ Aut(P 3 ) such that
which implies thatĜ ⊆ AutḠ(P 3 ), becauseḠ is a normal subgroup of the groupĜ.
Remark 4.1. LetḠ 1 ⊂Ḡ be a subgroup such thatḠ 1 ∼ = A 5 and the embedding
is standard (see Definition 3.1). Then there is aḠ 1 -invariant line L 1 ⊂ P 3 by Remark 3.5.
Recall that a finite set of lines in P 3 are said to lie in a linear complex if the corresponding points of the Grassmaniann Gr(2, 4) ⊂ P 5 lie in a hyperplane section.
lie in a linear complex. Proof. It follows from Remark 3.4 that the space
is the permutation representation of the groupḠ ∼ = A 6 . The natural action of the groupḠ on
arises from this representation. Let us identifyḠ with a subgroup in Aut(P 5 ).
Note that there is a uniqueḠ-invariant hyperplane H ⊂ P 5 . We may assume that the hyperplane H is given by 5 i=0 x i = 0, the intersection Gr(2, 4) ∩ H is given by the equation
Let P ∈ Gr(2, 4) be a point that corresponds to the line L 1 ⊂ P 3 , and letḠ 1 ⊂Ḡ be the stabilizer of the point P . ThenḠ 1 ∼ = A 5 , and the embeddingḠ 1 ⊂Ḡ is standard (cf. Remark 4.1).
Suppose that theḠ-orbit of the point P is contained in a hyperplane. Then this hyperplane must be H. Thus, theḠ-orbit of the point P must contain a point in P 5 that is given by
which is impossible, because this point does not belong to the intersection Gr(2, 4) ∩ H.
Lemma 4.3. The equality AutḠ(P 3 ) =Ĝ holds.
Proof. PutG = AutḠ(P 3 ). Then
• the curve
There is a subgroupG ⊂G of index 2 such that
]). Then
• the surface Y isG-invariant and there exists a monomorphism ξ :
• the surface Y is birational to a surface of general type (see [38, Theorem 2.1]), which implies thatG is a finite group (see [17] ). ThusG is a finite group. Hence, we have
by [9, Theorem 1.34]. There is a finite subgroup G ⊂ SL(4, C) such that
where φ : SL(4, C) → Aut(P 3 ) is the natural projection. Note that G may not be uniquely defined. However, by [9, Theorem 1.34], we may assume that one of the following possibilities hold:
• G ∼ = 2.S 6 , which is a central extension of the group S 6 ∼ =G,
• G is one of the four groups described in [9, Example 1.30].
Note that G ∼ = 2.A 7 , becauseĜ ∼ = S 6 and S 6 contains no subgroups isomorphic to
Recall thatḠ is a normal subgroup inG.
We see that G is one of the four groups described in [9, Example 1.30]. It follows from [29] that there is an exact sequence of groups
where Γ is a subgroup of the group S 6 . Then Γ = S 6 becauseĜ ∼ = S 6 . Let e be the identity element inG. Then
becauseḠ is a simple group, andḠ is a normal subgroup of the groupG. Hencȇ
2 , which easily leads to a contradiction (see [29] ).
Let us show that BirḠ(P 3 ) =Ĝ, which implies that P 3 is notḠ-birationally superrigid.
Lemma 4.4. There is a birational involution ι ∈ BirḠ(P 3 ) such that
• the involution ι is not biregular,
• the linear system ι(|O P 3 (1)|) is a linear subsystem in |O P 3 (19)|, and
for every i ∈ {1, 2, 3, 4, 5, 6} and a general M ∈ ι(|O P 3 (1)|), • the group generated byḠ and ι is isomorphic to S 6 .
Proof. Let H be a linear subsystem of the linear system |O P 3 (4)| consisting of surfaces that pass through the lines
Then it follows from [37] and [38, Theorem 2.4 ] that
• the linear system H does not have fixed components, • the linear system H induces a map ψ :
where β is a birational morphism that contracts finitely many curves.
It follows from [38, Theorem 2.4] that V ⊂ P 4 can be given by the equation
in appropriate homogeneous coordinates [x : y : z : t : w] in P 4 . Using [37] , we see that • the singular locus of the threefold V consists of 36 nodes,
• the morphism β contracts the proper transforms of the following curves:
as chords. Note that the quartic threefold V ⊂ P 4 is determinantal (see [37] , [30, Example 6.4 
.2]).
The map φ isḠ-equivariant. We can identifyḠ with a subgroup in Aut(V ) and in Aut(P 4 ). By Lemma 3.7, there are noḠ-fixed points in P 4 . So, the action of the groupḠ on P 4 arises from its irreducible five-dimensional representation (cf. Remark 3.4). Hence, there is a subgroup H ⊂ Aut V such thatḠ ⊂H ∼ = S 6 . Let θ be an involution inH such that θ ∈Ḡ. Put
It follows from the construction of ι that ι,Ḡ ∼ = S 6 . Suppose that ι is biregular. Let us identify the subgroup ι,Ḡ withH ∼ = S 6 . Then
and there are natural homomorphisms ζ :Ḡ 1 → Aut(L 1 ) and η :H 1 → Aut(L 1 ). Thus, we have
We see that the birational involution ι is not biregular.
Then τ is a composition of flops, and the commutative diagram
is aḠ-equivariant Sarkisov link of type II (see [12, Definition 3.4] ). The involution τ is biregular outside of the curves contracted by β. Then τ naturally acts on the group Pic(U ). Moreover, this action is nontrivial, because ι is not biregular.
Put
because τ * (K U ) ∼ K U and β contracts finitely many curves. Similarly, we see that
which immediately implies that (4.5)
because the involution τ acts non-trivially on Pic(U ).
Lemma 4.6. There is a birational involution ι ′ ∈ BirḠ(P 3 ) such that • the involution ι ′ is not biregular, • the linear system ι ′ (|O P 3 (1)|) is a linear subsystem in |O P 3 (19)|, and
for every i ∈ {1, 2, 3, 4, 5, 6} and a general M ′ ∈ ι ′ (|O P 3 (1)|), • the group generated byḠ and ι ′ is isomorphic to S 6 .
Note that the choice of ι and ι ′ is not unique. Put Γ = ι, ι ′ ,Ĝ . Theorem 4.7. The variety P 3 isḠ-birationally rigid and BirḠ(P 3 ) = Γ.
By [7, Corollary A.22] , the assertion of Theorem 4.7 is implied by the following result. Proof. Let ξ be a birational automorphism in BirḠ(P 3 ) such that ξ ∈Ĝ. Put
and take λ ∈ Q such that K P 3 +λM ∼ Q 0. Then (P 3 , λM) is not canonical by [11, Theorem 4.2] . Let M be a general surface in M. Then
We claim that either mult
and let Π be a general plane in P 3 that contains the line
where B is a mobile linear system on Π. Let B 1 and B 2 be general curves in B. Then
. Similarly, we see that
where
On the other hand, we have
which is a contradiction. Thus, we see that mult
Therefore, there is a uniquely defined ζ ∈ BirḠ(P 3 ) and γ ∈ Q such that
Arguing as in the proof of Theorem 4.8, we see that (P 3 , γζ(M)) is canonical. Hence
by [11, Theorem 4.2] . On the other hand, one has
for some ν ∈Ĝ \Ḡ by construction of ι ′ (see the proof of Lemma 4.6).
Without loss of generality we may assume that ν is an involution. We see that every α ∈ BirḠ(P 3 ) can be uniquely written as In the rest of this section, we prove Theorem 4.8 (cf. the proof of [9, Theorem B.17]). Suppose that Γ does not untwists allḠ-maximal singularities. Let us derive a contradiction.
Lemma 4.11. There is linear system H on P 3 such that
• the linear system H isḠ-invariant, • the linear system H does not have fixed components, • the singularities of the log pair
are not canonical for every τ ∈ Γ, where λ τ ∈ Q such that
Proof. The required assertion follows from [7, Definition A.21 ] (cf. [11, Theorem 4.2] ).
Note that 3/λ τ ∈ Z >0 for any element τ ∈ Γ. Thus, there is ǫ ∈ Γ such that λ ǫ is as large as possible. Put M = ǫ(H) and λ = λ ǫ . Then (P 3 , λM) is not canonical by Lemma 4.11.
Proof. The inequalities follow from the minimality of λ ǫ (cf. the proof of Theorem 4.9).
Let us show that the log pair (P 3 , λM) is canonical. Suppose that is not.
Remark 4.13. There is µ ∈ Q such that µ < 2λ and (P 3 , µM) is strictly log canonical.
Let S ⊂ X be a minimal center in LCS(P 3 , µM).
Lemma 4.14. The center S is not a surface.
Proof. The linear system M has no fixed components.
Put H = O P 3 (1). By Lemma 2.10, there is δ ∈ Q and there is aḠ-invariant effective Q-divisor
on the threefold P 3 such that 0 < δ < 8, the log pair (P 3 , D) is log canonical and
Remark 4.15. It follows from Lemma 4.12 and the proof of Lemma 2.10 that we may assume that
for every i ∈ {1, 2, 3, 4, 5, 6}.
Let I be the multiplier ideal sheaf of the log pair (P 3 , D), and let L be the log canonical singularities subscheme of the log pair (P 3 , D). Then it follows from Theorem 2.1 that
Lemma 4.17. The center S is a curve.
Proof. If S is a point, then |LCS(P 3 , D)| 35 by (4.16), which contradicts Lemma 3.8.
By Theorem 2.6, the curve S is a smooth curve in P 3 of degree d and genus g 2d. Put
let Z be theḠ-orbit of the curve S, let r be the number of irreducible components of Z. Then
• the equality Z = L holds, because (P 3 , D) is log canonical,
• the curve Z is smooth by Lemma 2.5,
• the curve Z ⊂ P 3 is not contained in a plane by Remark 3.4. Lemma 4.20. Suppose that 1 q 7. Then q ∈ {5, 6}.
Proof. The center of G acts trivially on polynomials of even degree. Hence, the space
has a natural structure of aḠ-representation. Suppose that q ∈ {5, 6}. Then W has a trivial subrepresentation of the groupḠ (see [13] ), which is impossible by Lemma 3.7. Proof. Suppose that r = 1. Then Z is a disjoint union of 6 lines by Lemma 4.21, which implies that
Without loss of generality, we may assume that
LetF ⊂Ḡ be the stabilizer of L 1 . ThenF ∼ = A 5 . Let π : U → P 3 be the blow up of L 1 . Then
where E is the π-exceptional divisor, andD is the proper transform of D on U . One has
by Remark 4.15. The groupF naturally acts on E so that the divisorD| E isF -invariant. We can identify the surface E with a smooth quadric in P 3 . The action of the groupF extends to the ambient space P 3 . Note that this action arises from the standard four-dimensional representation of the groupF ∼ = A 5 .
It follows from the inequality mult L 1 (D) < 2 that the set
by Theorem 2.4, which is impossible by Lemma 2.14.
We see that Z = S. Proof. Suppose that g = 19. Then S is not contained in a cubic surface by Lemma 3.9. We have
because there is an exact sequence of the cohomology groups.
By the Riemann-Roch theorem, we have Proof. Suppose that d = 9. It follows from Lemma 3.7 that
which implies that S = F 1 ∩F 2 , where F 1 and F 2 are cubic surfaces in P 3 (see [16, Example 6 
.4.3])
The groupḠ cannot act non-trivially on the pencil generated by F 1 and F 2 , which implies that the surfaces F 1 and F 2 must beḠ-invariant. The latter is impossible by Lemma 3.7. Thus we see that d 11. Then q = 0 and d = 11 by Lemma 4.18. Take a subgroupF ⊂Ḡ such thatF ∼ = A 5 and the embeddingF ⊂Ḡ is non-standard (see Definition 3.1). Then there is anF -invariant twisted cubic curve C ⊂ P 3 by Lemma 3.6.
Let R be the quartic surface in P 3 that is swept out by the lines that are tangent to C. Then
• the surface R isF -invariant, • the curve S is not contained in the surface R, because q = 0. 
Segre cubic
Let G ⊂ SL(5, C) be a subgroup such that G ∼ = A 6 . Put W = C 5 and
where φ : SL(5, C) → Aut(P 4 ) is the natural projection. Then • the space W is an irreducible representation of the group G ∼ =Ḡ ∼ = A 6 , • there is unique cubic hypersurface X ⊂ P 4 that isḠ-invariant. Let us identify X with a smooth complete intersection in P 5 that is given by the equation
and let us identifyḠ with a subgroup of the group Aut(X) (cf. Example 1.15).
Let O ∈ X be a point, and letF ⊂Ḡ be its stabilizer.
Remark 5.1. LetT be the affine tangent space to P 4 at the point O ∈ P 4 . ThenF naturally acts on the spaceT . Let us consider W as a representation of the groupF . One has
O , where W O is the one-dimensional subrepresentation ofF that corresponds to the point O ∈ P 4 .
Let Σ be theḠ-orbit of the point O ∈ X. Let us consider W as a representation of the groupF . Then W is reducible and
where W t and W 4 are the trivial and a four-dimensional representations of the groupF , respectively. The embeddingF ⊂Ḡ is standard (see Definition 3.1), because W is reducible. Note that W t is the only one-dimensional subrepresentation of the representation W , because the representation W 4 is irreducible. Hence, the set Σ must contain a point in P 5 that is given by
which is impossible, because this point does not belong to the hypersurface X ⊂ P 5 .
Let T be the affine tangent space to X at the point O. ThenF naturally acts on T .
Lemma 5.3. Suppose that |Σ| = 10. Then Σ = Sing(X) and
Moreover, T is an irreducible four-dimensional representation of the groupF .
Proof. One hasF ∼ = (Z 3 × Z 3 ) ⋊ Z 4 by Lemma 3.3. Up to conjugation, the groupḠ has a unique subgroup that is isomorphic toF , which implies that we may assume thatF fixes the point [1 : −1 : 1 : −1 : 1 : −1] ∈ Sing(X).
Let us consider W as a representation of the groupF , and let W 1 ⊂ W be the one-dimensional subrepresentation of the groupḠ that corresponds to the point [1 : −1 : 1 :
where W 4 is some four-dimensional representation of the groupF .
Let χ 1 and χ be the characters of the representations W 1 and W , respectively. The values of the characters χ 1 and χ and the structure of the subgroupF are given in the following table: Proof. One hasF ∼ = S 4 by Lemma 3.3. Up to conjugation, the groupḠ contains exactly two non-conjugate subgroups that are isomorphic to the groupF ∼ = S 4 (see Lemma 3.3). Let us consider W as a representation of the groupF . Then W contains some one-dimensional subrepresentation U of the groupF that correspond to the point O ∈ X.
Let W t be the trivial one-dimensional representations of the groupF , and let W 1 be the nontrivial one-dimensional representations of the groupF . Then either U ∼ = W t or U ∼ = W 1 .
Let χ and χ 1 be the characters of W and W 1 , respectively. Suppose that S 4 ∼ =F ⊂Ḡ ∼ = A 6 is a non-standard embedding. The values of χ 1 and χ and the structure of the subgroupF are given in the following Let H be a general hyperplane section of the cubic X ⊂ P 4 .
Remark 5.5. TheḠ-invariant subgroup of the group Cl(X) is generated by H ∈ Cl(X).
The main purpose of this section is to prove the following result (cf. [7, Lemma B.15] ).
Theorem 5.6. The threefold X isḠ-birationally superrigid.
Suppose that X is notḠ-birationally superrigid. Let us derive a contradiction.
Lemma 5.7. There is linear system M on X such that
• the linear system M isḠ-invariant,
• the linear system M does not have fixed components, • the log pair (X, λM) is not canonical, where λ ∈ Q such that Lemma 5.8. There is µ ∈ Q such that µ < 2λ and (X, µM) is strictly log canonical.
Proof. The required assertion is obvious if (X, λM) is not canonical outside of the set Sing(X), which implies that we may assume that (X, λM) is canonical outside of the set Sing(X). The log pair (X, λM) is not canonical at some point P ∈ Sing(X). Let π : U → X be a blow up of the point P , and let E be the π-exceptional divisor. Then
whereM is the proper transforms of the linear system M on the variety U , and m ∈ Z. Then m > 1 λ by [5, Theorem 1.7.20] . Thus, the log pair (X, 2λM) is not log canonical at the point P .
Let S ⊂ X be a minimal center in LCS(X, µM). Then it follows from Lemma 2.5 that
Lemma 5.9. The center S is not a surface.
By Lemma 2.10, there is aḠ-invariant effective Q-divisor D on X such that
the log pair (X, D) is log canonical and D ∼ Q −δK X for some δ ∈ Q such that 0 < δ < 2.
Remark 5.10. Arguing as in the proof of [9, Lemma 2.11], we see that we can replace D by
where ǫ ∈ Q >0 ∋ ǫ ′ such that ǫ ≪ 1 and ǫ ′ ≪ 1, and H is aḠ-invariant linear system such that • the equivalence H ∼ −nK X holds for some n ≫ 0 and
• the base locus of the linear system H coincides with LCS(X, D), which implies that, without loss of generality, we can replace D by µM (cf. Lemma 2.10).
Therefore, without loss of generality, we may assume that LCS X, µM = g∈Ḡ g S .
Let I be the multiplier ideal sheaf of (X, µM), and let L be the subscheme given by I. Then
by Theorem 2.1.
Lemma 5.12. The center S is not a singular point of the threefold X.
Proof. Suppose that S is a singular point of the threefold X. Then LCS X, µM = Sing X , becauseḠ acts transitively on the set Sing(X). Recall that |Sing(X)| = 10. LetF ⊂Ḡ be a stabilizer of the point S.
Let π : U → X be a blow up of the points Sing(X), and let E 1 , . . . , E 10 be the π-exceptional divisors. Then there is a positive rational number m such that We may assume that π(E 1 ) = S. There is a natural homomorphism υ :
by Lemmas 2.13 and 5.3, because E 1 ∼ = P 1 × P 1 . Let us show that lct(E 1 , υ(F )) < 1 to derive a contradiction. One can easily check that there exists a two-dimensional linear subspace Π ⊂ P 4 such that
and Π ⊂ X (see [18, Section 3.2] ). Let C be a general conic in Π that contains Π∩Sing(X). Then
and C is irreducible. LetC be a proper transform of the curve C on the threefold U . Then
which implies that m < 2. In particular, the singularities of the log pair
are not Kawamata log terminal along E 1 . Hence lct(E 1 , υ(F )) < 1 by Theorem 2.4.
Lemma 5.13. The center S is a curve.
Proof. Suppose that S is a point. Then S ∈ Sing(X) by Lemma 5. There are 15 two-dimensional linear subspaces Π 1 , . . . , Π 15 in P 4 such that
and L j i = L s r if and only if (i, j) = (r, s). Note that the curve
is aḠ-orbit of the line L 1 1 . Without loss of generality, we may assume that S ∈ L 1 1 . Let M 1 and M 2 be general surfaces in the linear system M. Put
where Ω is an effective cycle such that L j i ⊆ Supp(Ω) for every i ∈ {1, . . . , 15} and j ∈ {1, 2, 3}, and γ is a non-negative rational number. Put
and let D be a general surface in |H| that contains the lines
which implies that γ 2m − 4/λ 2 . Therefore, we see that
which implies that m 32/(15λ 2 ). In particular, we see that
Let π : U → X be a blow up of the point S, and let E be the π-exceptional divisor. Then
whereM is the proper transforms of M on the variety U . LetF ⊂Ḡ be a stabilizer of the point S. ThenF ∼ = S 4 by Lemma 5.4, and there is a natural homomorphism υ :F → Aut(E). Note that υ is a monomorphism by Lemma 5.4.
There is an irreducible proper subvariety C E ∼ = P 2 such that g C ∈ LCS U, µM + µmult S M − 2 E for every g ∈ υ(F ). Then C is a curve by Theorem 2.3 and Lemma 5.4. LetM 1 andM 2 be general surfaces inM. Then it follows from [12, Theorem 3.1] that
for every g ∈ υ(F ). Let δ be the degree in E ∼ = P 2 of the υ(F )-orbit of the curve C. Then 128 By Theorem 2.6, the curve S is a smooth curve in P 4 of degree d and genus g d. Put
let Z be theḠ-orbit of the curve S, let r be the number of irreducible components of the curve Z.
Lemma 5.14. The equality r(2d − g + 1) = 15 − q holds.
Proof. The equality follows from (5.11) and the Riemann-Roch theorem, because d g.
Corollary 5.15. The inequality g 14 holds.
Note that Z is not contained in a hyperplane in P 4 , since W is an irreducibleḠ-representation.
Lemma 5.16. The equality r = 1 holds.
Proof. Suppose that r 2. Then r 15 by Lemma 5.14, which implies that r ∈ 6, 10, 15
by Lemma 3.3. If q = 0, then 2d − g + 1 = 1 by Lemma 5.14, which is impossible, because g d.
We have q 1. Then r(g + 1) 14 and g 1. If g = 0, then
by Lemma 5.14, which implies a contradictory inequality d 0. We see that g = 1. Thus 2rd 14
by Lemma 5.14, which implies that d = 1 and g = 0, that contradicts the equality g = 1.
There is a natural monomorphism θ :Ḡ → Aut(S) (see Lemma 5.2).
Lemma 5.17. The equality g = 10 holds.
Proof. The required assertion follows from Lemmas 5.14 and 2.8.
The equality g = 10 and Lemma 5.14 imply that d 12.
Lemma 5.18. The equality q = 0 holds.
Proof. LetΨ ⊂Ḡ be a subgroup such thatΨ ∼ = A 5 and the embedding
is standard. There is aΨ-invariant hyperplane section H ⊂ X. Note that S ⊂ H. We have
which implies that |H ∩ S| = 12, because H ∩ S isΨ-invariant. Then q = 0 by Lemma 5.14.
Let Q be theḠ-invariant quadric in P 4 (cf. Example 1.14). Then S ⊂ Q, because q = 0. Put ∆ = Q ∩ S. Then |∆| 24. LetΨ ⊂Ḡ be a stabilizer of a point in ∆. Then
which is impossible by Lemma 2.7. The obtained contradiction completes the proof of Theorem 5.6.
Quadric threefold
where φ : SL(5, C) → Aut(P 4 ) is the natural projection (cf. Section 5). Then there is a smooth quadric hypersurface Q ⊂ P 4 that isḠ-invariant. Let us identify Q with a smooth complete intersection in P 5 that is given by the equation
and let us identifyḠ with a subgroup of the group Aut(Q) (cf. Example 1.14).
Let O ∈ Q be a point, letF ⊂Ḡ be its stabilizer, and let Σ be itsḠ-orbit. Let X be the cubic threefold in P 5 that is given by
let P be the point [1 : ω : ω 2 : 1 : ω : ω 2 ] ∈ P 5 , where ω is a non-trivial cube root of unity. Then
which completes the proof.
The main purpose of this section is to prove the following result.
Theorem 6.2. The quadric threefold Q isḠ-birationally superrigid.
Suppose that Q is notḠ-birationally superrigid. Arguing as in the proof of Theorem 5.6, we see that there is aḠ-invariant effective Q-divisor D on Q such that
the log pair (Q, D) is log canonical, and D ∼ Q −δK Q for some positive rational number δ < 2, where S is a minimal center in LCS(Q, D) such that either S is a point or a smooth curve.
Let I be the multiplier ideal sheaf of the log pair (Q, D), let L be subscheme that is given by the ideal sheaf I, and let H be a general hyperplane section of the threefold Q ⊂ P 3 . Then
Lemma 6.4. The center S is a curve.
Proof. The required assertion follows from (6.3) and Lemma 6.1.
By Theorem 2.6, the curve S is a smooth curve of degree d and genus g (3d + 1)/2. Put
Lemma 6.5. The equality r(3d − g + 1) = 30 − q holds.
Proof. The equality follows from (6.3) and the Riemann-Roch theorem, because 3d 2g−1.
Let X be the cubic threefold in P 5 that is given by Proof. Suppose that 2 q 4. It follows from [13] thatḠ acts trivially on the q-dimensional
Lemma 6.7. The curve S is irreducible.
Proof. Suppose that r 2. By Lemma 3.3, either r = 6, or r 10.
Suppose that q = 0. If r = 6, then it follows from Lemma 6.5 that 3d − g + 1 = 5
which easily leads to a contradiction, because 2g − 1 3d. Thus, we see that r 10 and 3d − g + 1 3
by Lemma 6.5. We have g 3. Then d = 1 and g = 0, which contradicts Lemma 6.5. Suppose that q = 1. Then r(3d−g+1) = 29 by Lemma 6.5, which is impossible by Lemma 3.3. Thus, we see that q 2. Hence q 5 by Lemma 6.6. It follows from Lemma 6.5 that r(3d − g + 1) 25, which implies that 3d − g 3. We have g 4, because 2g − 1 3d. Thus d 2 and g = 0. Applying Lemma 6.5, we get d = 1 and r = 6. Then S is a line, and Z is a union of six lines. LetΨ ⊂Ḡ be a stabilizer of the line S. ThenΨ ∼ = A 5 by Lemma 3.3. Let us consider W as a representation of the groupΨ ∼ = A 5 . Then either W is irreducible, or
where W t and W 4 are the trivial one-dimensional and the standard four-dimensional representations of the groupΨ ∼ = A 5 , respectively. In both cases, the line S can not beΨ-invariant.
We see that r = 1. Hence g 30 and d 19 by (6.3), because 3d 2g − 1.
Lemma 6.8. The equalities d = 12 and g = 10 hold.
Proof. Let Π i ⊂ Q be a hyperplane section that is cut out by x i = 0, where i ∈ {0, . . . , 5}. Then
which implies that, without loss of generality, we may assume that S ⊂ Π 0 . LetΨ ⊂Ḡ be a stabilizer of the surface Π 0 . ThenΨ ∼ = A 5 and the embeddingΨ ⊂Ḡ must be standard. Hence we have
It follows from Theorem 2.17 that g 15. Thus g = 10 by Lemma 2.8.
Thus, it follows from Lemma 6.5 that q = 3, which is impossible by Lemma 6.6. The obtained contradiction completes the proof of Theorem 6.2.
Appendix A. Klein cubic threefold PutḠ = PSL(2, F 11 ). Let V be a Fano threefold with terminal singularities such that • the threefold V admits a non-trivial action of the groupḠ,
• theḠ-invariant subgroup of the group Cl(V ) is Z.
Example A.1. If V is a smooth hypersurface in P 4 that is given by the equation
then V is non-rational by [10, Theorem 0.12] , and Aut(V 3 ) ∼ =Ḡ by [1] .
Example A.2 ([31, Example 2.9]). There is a non-trivial action of the groupḠ in Gr(2, 6), and
Pic Gr 2, 6 = Z H for some very ample divisor H. Then |H| gives an embedding ζ : Gr(2, 6) → P 14 , which induces a non-trivial action of the groupḠ on P 14 . Put
where Π is the uniqueḠ-invariant linear subspace Π ⊂ P 14 such that dim(Π) = 9. Then • the variety V is a smooth Fano threefold such that Pic(V ) ∼ = Z and −K 3 V = 14 (see [19] ), • the variety V admits a non-trivial action of the groupḠ.
Let V 3 and V 14 be the threefolds that are constructed in Examples A.1 and A.2, respectively. Corollary A.7. There exists noḠ-equivariant birational map V 14 V 3 .
Corollary A.8. Up to conjugation, the group
contains exactly 2 subgroups that are isomorphic to the simple group PSL(2, F 11 ).
Let us prove that V 14 isḠ-birationally superrigid. Suppose that V 14 is notḠ-birationally superrigid. There is aḠ-invariant linear system M without fixed components such that
There is µ ∈ Q such that µ < 2λ and (V 14 , µM) is strictly log canonical. Let S ⊂ V 14 be a minimal center in LCS(V 14 , µM). Then dim(S) ∈ {0, 1}. By Lemma 2.10, there is aḠ-invariant effective Q-divisor D on the threefold V 14 such that
where ǫ is a positive rational number such that ǫ < 2. Let I be the multiplier ideal sheaf of the log pair (V 14 , D), and let L be the log canonical singularities subscheme of the log pair (V 14 , D). Then it follows from Theorem 2.1 that
where andF =Ḡ, because there are no proper subgroups ofḠ of order greater than 60 (see [13] ). The action ofḠ on the tangent space to V 14 at the point S gives a faithful three-dimensional representation of the groupḠ, which does not exist (see [13] ).
It follows from Theorem 2.6 that S is a smooth curve of genus g such that 2g − 2 < S · H.
Lemma A.11. The curve S isḠ-invariant.
Proof. Let Z be theḠ-orbit of the curve S. Then Z = L, because (V 14 , D) is log canonical.
Suppose that S = Z. Let r be the number of irreducible components of Z. Then r 11, because there is no nontrivial homomorphismḠ → S r if 1 < r 10.
Using (A.9) and the Riemann-Roch theorem, we see that
because L = Z and 2g − 2 < S · H. Thus, we see that r 10.
Therefore, there is a natural homomorphism θ :Ḡ → Aut(S).
Lemma A.12. The homomorphism θ is a monomorphism.
Proof. Suppose that θ is not a monomorphism. Then ker θ =Ḡ, becauseḠ simple. Let P be a point in S. Then P isḠ-invariant. The action of the groupḠ on the tangent space to the threefold V 14 at the point P gives its faithful three-dimensional representation, which does not exist (see [13] ).
Lemma A.13. The inequality g 11 holds.
Proof. Suppose that g 10. Then g 1 by Theorem 2.15 since |Ḡ| = 660. Moreover, it follows from the classification of finite subgroups of PSL(2, C) that the monomorphism θ does not exist if g = 0. Thus, we see that g = 1 and Aut(S) contains a simple non-abelian subgroup θ(Ḡ) ∼ = PSL(2, F 11 ), which is impossible, because Aut(S) is solvable.
because L = Z and 2g − 2 < S · H. Then g S · H − 9. But 2g − 2 < S · H. Hence 2 S · H − 20 2g − 2 < S · H, which implies that S · H 19. Therefore, g 10, which is impossible by Lemma A.13. The obtained contradiction shows that V 14 isḠ-birationally superrigid.
To complete the proof of Theorem A.5, we assume that the threefold V 3 is notḠ-birationally superrigid. Then there is aḠ-invariant linear system M without fixed components such that
There is µ ∈ Q such that µ < 2λ and (V 3 , µM) is strictly log canonical. Let S ⊂ V 3 be a minimal center in LCS(V 3 , µM). Then dim(S) ∈ {0, 1}. By Lemma 2.10, there is aḠ-invariant effective Q-divisor D on the threefold V 3 such that
where ǫ is a positive rational number such that ǫ < 2. Let I be the multiplier ideal sheaf of the log pair (V 3 , D), and let L be the log canonical singularities subscheme of the log pair (V 3 , D). Then it follows from Theorem 2.1 that
where H is an ample generator of the group Pic(V 3 ).
Lemma A.15. The equality dim(S) = 0 is impossible.
Proof. Suppose that dim(S) = 0. LetF ⊂Ḡ be a stabilizer of a point in LCS(V 3 , D). Then by (A.14). Thus, ifF =Ḡ, thenF is isomorphic to either A 5 or Z 11 ⋊ Z 5 (see [13] ). We may identifyḠ with a subgroup in Aut(P 4 ). There is a subgroup G ⊂ SL(5, C) such that
and G ∼ =Ḡ, where φ : SL(5, C) → Aut(P 4 ) is the natural projection. Put W = C 5 . Then W is an irreducible representation of the group G (see [1] ), which implies thatF =Ḡ. If F is a subgroup of the group G such that φ(F ) =F , then one can show that W is an irreducible representation of the group F , which is a contradiction.
It follows from Theorem 2.6 that S is a smooth curve of genus g such that g S · H.
Lemma A. 16 . The curve S isḠ-invariant.
Proof. Let Z be theḠ-orbit of the curve S. Then Z = L, because (V 3 , D) is log canonical.
Suppose that S = Z. Let r be the number of irreducible components of Z. Then
because there is no non-trivial homomorphismḠ → S r in the case when 1 < r 10. Using (A.14) and the Riemann-Roch theorem, we see that
because L = Z and g S · H. Since r 11, one has
which contradicts the inequality g S · H.
We see that there is a natural homomorphism θ :Ḡ → Aut(S). Arguing as in Lemma A.12, we see that θ is a monomorphism. Arguing as in Lemma A.13, one obtaines g 11.
By Theorem 2.15 we may assume that g = 14. Let a i be the number of points on S whose stabilizers inḠ are isomorphic to Z i . Using the Riemann-Hurwitz formula, we see that 2g − 2 = 2ḡ − 2 · Ḡ + 330a 2 + 440a 3 + 528a 5 + 550a 6 + 600a 11 , whereḡ is the genus of the quotient curve S/Ḡ (cf. the proof of Lemma 2.8). Thenḡ = 0. We have 1294 − 528a 5 = 330a 2 + 440a 3 + 550a 6 + 600a 11 , which leads to a contradiction. The obtained contradiction completes the proof of Theorem A.5.
Appendix B. Del Pezzo fibrations
by Yuri Prokhorov * Let X be a threefold with at worst terminal singularities such that the group Aut(X) has a subgroupḠ ∼ = A 6 , and let π : X → P 1 be aḠ-Mori fibration (see [7, Definition A.1] ).
The goal of this appendix is to prove the following result.
Theorem B.1. The isomorphism X ∼ = P 1 × P 2 holds, and π is the projection to the first factor.
Recall that there exists no monomorphismḠ → PGL(2, C). Proof. Suppose that Y contains aḠ-invariant point P ∈ Y . Let us show that this assumption leads to a contradiction. Let T P,Y be the Zariski tangent space to Y at the point P . Then dim T P,Y 5, becauseḠ has no faithful representations of dimension less than 5. We see that Y is not Gorenstein at the point P (see [32, Section 3] ). Let us regard (Y ∋ P ) as an analytic germ. Let r be the Gorenstein index of the singularity (Y, P ), let π : (Y ♯ , P ♯ ) → (Y, P ) be the index one cover (see [32, Section 3.5] ), where P ♯ = π −1 (P ). Then
is the topological universal cover (of degree r). Thus, there is an exact sequence of groups
whereḠ ♯ is a finite subgroup in Aut(Y ♯ , P ♯ ). SinceḠ is simple, this is a central extension.
The groupḠ ♯ naturally acts on the Zariski tangent space T P ♯ ,Y ♯ to Y ♯ at the point P ♯ .
Recall that (Y ♯ , P ♯ ) is a hypersurface singularity. Hence, we have
By the classification of three-dimensional terminal singularities (see [32, Section 6 .1]) the action of the group α(Z r ) on T P ♯ ,Y ♯ in some coordinate system has one of the following forms:
• either dim(T P ♯ ,Y ♯ ) = 3 and (x 1 , x 2 , x 3 ) −→ (εx 1 , ε −1 x 2 , ε a x 3 ), • or dim(T P ♯ ,Y ♯ ) = 4 and (x 1 , x 2 , x 3 , x 4 ) −→ (εx 1 , ε −1 x 2 , ε a x 3 , x 4 ), • or dim(T P ♯ ,Y ♯ ) = r = 4 and (x 1 , x 2 , x 3 , x 4 ) −→ ( √ −1x 1 , − √ −1x 2 , ± √ −1x 3 , −x 4 ), where ε is a primitive r-th root of unity and gcd(r, a) = 1.
The case dim(T P ♯ ,Y ♯ ) = 4 and r = 2 is impossible, because the group 2.A 6 does not have faithful three-dimensional representations. Therefore, the central subgroup α Z r ⊂Ḡ ♯ has at least 2 different eigenvalues. Then T P ♯ ,Y ♯ is a reducible representation of the groupḠ ♯ .
If dim(T P ♯ ,Y ♯ ) = 4, then the subgroup α(Z r ) has at least 3 different eigenvalues. Hence, in every possible case, the groupḠ ♯ has a subrepresentation of dimension at least 2, which is impossible, because the groupḠ ∼ = A 6 does no admit any embedding to PGL(2, C).
Lemma B.3 (cf. [14] ). Let S be a smooth del Pezzo surface such that S admits a non-trivial action of the groupḠ. Then S ∼ = P 2 .
Proof. Note that S ∼ = P 1 × P 1 , because there exists no monomorphismḠ → PGL(2, C).
Suppose that S ∼ = P 2 . Let us derive a contradiction. If K 2 S 5, then the action ofḠ on Pic(S) is trivial, because rk Pic(S) 5 and the canonical class K S isḠ-invariant. Then any (−1)-curve on S must be invariant, a contradiction.
Let C be aḠ-invariant curve in |−K S |. Then every component of the curve C is either rational or elliptic curve. Moreover, the curve C consists of at most 4 components, which immediately implies that C is notḠ-invariant, becauseḠ is simple.
Put V = H 0 (O S (−K S )). By the above, the groupḠ acts non-trivially on V . Then
which implies that K 2 S = 4, and the space V is an irreducible five-dimensional representation of the groupḠ, becauseḠ has no non-trivial representations of dimension less than 5 (see [13] ).
We see that S = Q 1 ∩ Q 2 ⊂ P 4 , where Q 1 and Q 2 are irreducible quadric hypersurfaces.
The action of the groupḠ on the space V induces its action on P 4 . Let P be the pencil generated by Q 1 and Q 2 isḠ-invariant. Then P isḠ-invariant. Since there is no monomorphismḠ → PGL(2, C), both quadrics Q 1 and Q 2 areḠ-invariant, which is impossible, because otherwise the vertex of a degenerate quadric in pencil is a fixed point.
Corollary B.4. Let F π be a general fiber of the morphism π. Then K 2 Fπ = 9 Let F be any scheme fiber of the morphism π : X → P 1 . Then F isḠ-invariant.
Lemma B.5. The threefold X is smooth and F ∼ = P 2 .
Proof. First we show that Supp(F ) is irreducible, normal and has at worst Kawamata log terminal singularities. This step is similar to the proof of [27, Proposition 2.6].
Take µ ∈ Q such that (X, µF ) is strictly log-canonical. Then there are aḠ-invariant π-ample divisor H and small positive δ 1 and δ 2 ∈ Q such that (X, (µ − δ 1 )F + δ 2 H) is log canonical and LCS X, µ − δ 1 F + δ 2 H = If S is a curve, then S ∼ = P 1 by Theorem 2.6, which is again impossible by Lemma B.2. We see that S is aḠ-invariant surface. Then S = Supp(F ), because π is aḠ-Mori fibred space. By Theorem 2.6, the surface S is normal and has Kawamata log terminal singularities. Let Σ ⊂ S be a subset consisting of points where S is not Cartier. If F is not reduced, then 1 Σ 4
by [27, Theorem 1.1]. Since Σ isḠ-invariant, we see that Σ = ∅ by Lemma B.2. We see that F is a reduced normal surface having only quotient singularities, which implies that F is a degeneration of P 2 by Corollary B.4. Hence, the inequality Sing(F ) 3
holds (see [25, Main Theorem] , [15, Corollary 1.2] ). So, the surface F is smooth by Lemma B.2, which immediately implies that F ∼ = P 2 .
